To every topologically transitive Cantor dynamical system (X, ϕ) we associate a group T (ϕ) acting faithfully by homeomorphism on the real line. It is defined as the group of homeomorphisms of the suspension flow of (X, ϕ) which preserve every leaf and acts by dyadic piecewise linear homeomorphisms in the flow direction. We show that if (X, ϕ) is minimal, the group T (ϕ) is simple, and if (X, ϕ) is a subshift the group T (ϕ) is finitely generated. The proofs of these two statements are short and elementary, providing straightforward examples of finitely generated simple left-orderable groups. We show that if the system (X, ϕ) is minimal, every action of the group T (ϕ) on the circle has a fixed point, providing examples of so called "orderable monsters".
Introduction
A countable group is (left-)orderable if it admits a total order which is invariant under left multiplication. This is equivalent to admit a faithful action on the real line by orientation preserving homeomorphisms. See [13] for a detailed treatment. In this paper, we introduce and study a family of orderable groups arising from dynamical systems over the Cantor set. These groups satisfy interesting properties in the setting of group actions on one-manifolds.
A Cantor system is a dynamical system (X, ϕ), where X is a compact space homeomorphic to the Cantor set, and ϕ is a homeomorphism of X. For simplicity the reader may assume here that (X, ϕ) is topologically transitive (i.e. it has a dense orbit), even if a milder standing assumption will be sufficient (Assumption 2.1). A subshift over a finite alphabet A is a Cantor system (X, ϕ) where X ⊂ A Z is a closed shift-invariant subset and ϕ is the restriction of the shift to X. The suspension (or mapping torus) of a Cantor system (X, ϕ) is the space Y = (X × R)/Z, where the quotient is taken with respect to the diagonal action of Z on X × R given by n · (x, t) = (ϕ n (x), t − n). The equivalence class of (x, t) is denoted by [x, t] . The suspension comes with a flow Φ :
We let H(Φ) be the group of homeomorphisms of Y that send every Φ-orbit to a Φ-orbit by preserving the orientation, and H 0 (Φ) be the subgroup consisting of elements g ∈ H(Φ) that are isotopic to the identity. Note that this condition forces every element g ∈ H 0 (Φ) to preserve every Φ-orbit, since Φ-orbits are precisely the path-connected components of Y. 1 The group H(Φ) is known as the group of self flow equivalences (after [25] ), and the quotient H(Φ)/H 0 (Φ) as the mapping class group of (X, ϕ). These are extensively studied in symbolic dynamics [1, [5] [6] [7] 26] .
We define a subgroup T(Φ) ≤ H 0 (Φ) analogous to Thompson's group T . It is defined as the subgroup of H 0 (Φ) that in the direction of the flow are locally given by dyadic piecewise linear homeomorphisms, and whose displacement is locally constant in the Cantor direction (see Definition 2.2 for a more detailed definition). The group H 0 (Φ) admits faithful actions on the real line, identified with any dense orbit of Φ. In particular, so does T(Φ).
Our first motivation to introduce and study the groups T(Φ) came from a recent preprint of Hyde and Lodha [17] , who provided examples of finitely generated orderable groups that are simple. The existence of such groups was an open question due to Rhetmulla (we refer to the introduction of [17] for motivation and background). To this end they consider a group G ρ generated by an explicit set of dyadic piecewise linear homeomorphisms of the real line with infinitely many pieces, whose action on each piece is prescribed by a sequence ρ : Z → {a ±1 , b ±1 } on four symbols satisfying two conditions. Their proof of simplicity involves a quite complicated combinatorial analysis. The groups G ρ from [17] can be related to the present setting as follows. Let (X, ϕ) be the subshift defined by the closure of all translates of the sequence ρ, and let Φ be its suspension. If we represent T(Φ) into Homeo(R) by letting it act on the Φ-orbit of [ρ, 0], the group G ρ is a subgroup of T(Φ).
This dynamical setting yields an alternative way to answer Rhetmulla's question, with remarkably short and elementary proofs. Theorem 1. If the system (X, ϕ) is minimal, the group T(Φ) is simple. Theorem 2. If the system (X, ϕ) is conjugate to a subshift, the group T(Φ) is finitely generated. Corollary 3. For any minimal subshift (X, ϕ), the group T(Φ) is simple, finitely generated, and left-orderable.
These statements are analogous to the results of Matui [21] on the derived subgroup of topological full group of a Cantor minimal system (X, ϕ), which is the group of all homeomorphisms of X that locally coincide with a power of ϕ. A technical difference compared to that setting is the presence in T(Φ) of elements that "contract" in the flow direction, which is of great help in proofs.
Finitely generated simple groups are well-known to be abundant among "large" groups of homeomorphisms. Historically, the case of groups of homeomorphisms of the real line is an exception. One of the reasons is that many well-studied examples actually arise as groups acting on the compact interval [0, 1] (seen as the two-point compactification of R) which display some regularity property. Since they must fix the extreme points 0, 1, arguments like Thurston's stability provide non-trivial "germ" homomorphism to R. Reversing point of view, this says that every action of a finitely generated simple group of homeomorphisms of [0, 1] must act in a quite singular way near its fixed point, making it more complicated to construct an explicit candidate and to prove its simplicity (see [17] for a similar and more detailed discussion).
The idea illustrated by the proofs of Theorems 1-2 above is that this difficulty completely disappears if one choses a different compactification of the real line, namely by realising it 1 Conversely, an element preserving every Φ-orbit needs not be isotopic to the identity in general (see [6] ), but it is if (X, ϕ) is minimal [1] . This subtle problem will be irrelevant in this paper, with the exception of the Appendix.
as the leaf of a minimal foliation of a compact space. The group H 0 (Φ) acts on the space Y without global fixed points and can be studied with an intuition closer to the group of homeomorphisms of the circle rather than the real line. In particular it is itself simple [1] and it should be expected that many "large" finitely generated subgroups of it will be simple as well. Thanks to this, Theorem 1 is proven by a straightforward application of a classical argument à la Epstein [14] , used in many proofs of simplicity of groups of homeomorphisms.
We note that an argument of Deroin [12] allows to see every finitely generated orderable group as a group of self flow equivalences for some fixed-point free flow on a compact space. If the group is simple, the action remains faithful after restricting to any minimal closed invariant subset of the flow. This paper was inspired by his construction.
Our next result analyzes actions of the group T(Φ) on the circle. Recall that every group of homeomorphisms of the circle either has a finite orbit, or its action is semi-conjugate to a unique minimal action. After semi-conjugacy, the second case further splits into two: either the action is equicontinuous (and in this case it factors through an abelian group of rotations), or after taking the quotient by a finite center the action is proximal (that is, any two proper intervals can be mapped one into the other) [2] . If one wants to prove that a given group Γ can not act on the circle, these three cases have very different nature. The equicontinuous case is ruled out by the non-existence of infinite abelian quotients of Γ. Deep obstructions are known to the existence of proximal actions. Considerably less tools are available to rule out the existence of actions with a finite orbit. Upon passing to a finite index subgroup the problem reduces to study actions on the real line, namely to rule out the existence of an infinite left-orderable quotient of Γ (conversely every left-orderable group acts on the circle, seen as the one-point compactification of R).
An important example where this gap is unfilled is the case of lattices in higher rank simple Lie groups. Results of Ghys [15] and Burger-Monod [10] show that every action of such a lattice on the circle must have a finite orbit. But it remains a widely open question whether such faithful actions can exist at all, equivalently whether a higher rank lattice can be left-orderable (for a class of non-cocompact lattices a negative answer has been established by Witte [28] ).
This lead Navas to ask the following question: is there a finitely generated left-orderable group, whose actions on the circle always have a finite orbit? (This is an equivalent formulation of [22, Question 4] ). A finitely generated group with this property is sometimes referred to as an orderable monster among experts. The next theorem shows that such monsters do exist. The proof is based on an analogue of a property known for Thompson's group T , namely that every non-trivial action of the group T on the circle must be semi-conjugate to the standard one [16, 18] . Using arguments from a proof of this fact by Le Boudec and the first named author [18] , we show that every action of T(Φ) on S 1 without global fixed points, must give rise to a continuous surjective map S 1 → Y . But here the space Y is not path-connected, thus such an action cannot exist.
We mention the following related question.
Question 5. Assume that (X, ϕ) is minimal. Is every action of T(Φ) on the real line, without global fixed points, semi-conjugate to its action on an infinite Φ-orbit? Remark 1.1. While we were preparing this work, Yash Lodha, Andrés Navas and Cristóbal Rivas informed us of a work in preparation which independently establishes the analogue of Theorem 4 for the groups of Hyde and Lodha [17] .
It is an open question whether an infinite group with Kazhdan's property (T) can act on one-dimensional manifolds. The group T(Φ) may seem an interesting test case to this question. It is not amenable, and its simplicity rules out the existence of infinite amenable quotients (an obvious obstruction to property (T)). Using the work of Navas [23] , it was proven in [19] that every action of a property (T) group on the circle by (countably) singular diffeomorphisms must have a finite orbit; this still does not contradict property (T) because of Theorem 4. Nevertheless: Theorem 6. For every subshift (X, ϕ) the group T(Φ) does not contain non-trivial subgroups with property (T) of Kazhdan. The same holds more generally for the larger group PL(Φ) (Definition 2.2).
This result follows from an elementary remark: although the group T(Φ) does not itself satisfy any of the above obstructions to property (T), it is a limit of groups that do satisfy the obstructions from [19, 23] . However, the set of property (T) groups is open in the space of marked groups [27, Thm. 6.7] . It would be interesting to know if this can be used to further expand the known obstructions to property (T) among left-orderable groups.
Essentially the same argument readily implies the following:
Theorem 7. For every minimal subshift (X, ϕ), the group T(Φ) is not finitely presented.
It is natural to ask how the isomorphism class of the group T(Φ) depends on (X, ϕ). Recall that two Cantor systems (X 1 , ϕ 1 ) and (X 2 , ϕ 2 ) are said to be flow equivalent if there exists a homeomorphism q : Y 1 → Y 2 between the suspensions which sends orbits to orbits in an orientation-preserving fashion. Flow equivalence is well-studied in symbolic dynamics and C * -algebras. By combining the characterisation of flow equivalence by Parry and Sullivan [25] with a general reconstruction result for groups of homeomorphisms by Ben Ami and Rubin [3] , we observe the following. Theorem 8. For i = 1, 2, let (X i , ϕ i ) be a topologically transitive Cantor system with suspension flows Φ i . The groups T(Φ 1 ) and T(Φ 2 ) are isomorphic if and only if the system (X 1 , ϕ 1 ) is flow equivalent to (X 2 , ϕ 2 ) or to (X 2 , ϕ −1 2 ). In [1] , Aliste-Prieto and Petite observed that [3] implies the analogous result for H 0 (Φ). We mention the following related question, motivated by the analogy with Thompson's group T and the results of Brin [8] .
Question 9. What is the outer automorphism group of T(Φ)? Is it isomorphic to the group of mapping classes of all homeomorphisms of Y (not necessarily orientation preserving)?
Finally this paper contains an Appendix, in which we endow the group H 0 (Φ) with a natural Polish group topology, and show that the group T(Φ) is dense in H 0 (Φ) with respect to this topology.
The group T(Φ) and its first properties
Throughout the paper we assume that (X, ϕ) is a dynamical system consisting of a totally disconnected space X (not necessarily homeomorphic to the Cantor set) and of a homeomorphism ϕ : X → X.
Throughout the text we will assume the following hypothesis for the system (X, ϕ):
A subset C ⊂ X is clopen if it is both open and closed. Let C ⊂ X be a clopen subset, and J ⊂ R be an interval such that |J| ≤ 1. For such a pair, the inclusion of C × J into X × R descends to an injective map π C,J : C × J → Y , that will be called the chart associated with (C, J). Its image is denoted by U C×J . The charts satisfy the relation
In the following, we call an interval I ⊂ R dyadic if its endpoints are dyadic rationals, i.e. rationals of the form p/2 q for p, q ∈ Z. A chart π C,J is dyadic if J is dyadic. Given two bounded open intervals I, J ⊂ R, a piecewise linear (PL) homeomorphism f : I → J is a homeomorphism which is piecewise affine, with finitely many discontinuity points for the derivatives. We will further say that f is dyadic if its breakpoints are dyadic rational and the restriction to f to every piece is of the form x → 2 m x + b for some m ∈ Z and b dyadic rational. Recall that the group of all dyadic PL homeomorphisms of [0, 1] is Thompson's group F , whereas the analogous definition on the circle gives Thompson's group T . Both groups are finitely generated. Some elementary properties for the group F will be stated without proof or precise reference (there is a broad literature on Thompson's groups; the unfamiliar reader can start consulting [4, 11] ).
Definition 2.2.
We let PL(Φ) (resp. T(Φ)) be the group consisting of all elements g ∈ H(Φ) such that for every y ∈ Y , there exist a chart y ∈ U C×I , a PL homeomorphism (resp. a dyadic PL homeomorphism) f : I → f (I) ⊂ R such that g(U C×I ) = U C×f (I) and such that the map
Clearly T(Φ) is a subgroup of PL(Φ), and every element of PL(Φ) preserves every Φ-orbit. We will explain in the Appendix that PL(Φ) is actually contained in H 0 (Φ) (this will not be used in the rest of the paper). For every dyadic interval J ⊂ R, we will denote by F J the group of dyadic PL self-homeomorphisms of R whose open support is contained in J. It is always isomorphic to Thompson's group F . In particular its derived subgroup F J is simple and consists of elements whose closed support is contained in J. More precisely, we have the following: for every dyadic interval J ⊂ R, one has
where the union is over dyadic intervals I J. We will also use repeatedly the following property (and some variation):
Proposition 2.4. The group T(Φ) is generated by the subgroups F C,J , defined by all dyadic charts π C,J . Remark 2.5. This Proposition is orthogonal to all other results in this paper: the reader may as well take as definition that the group T(Φ) is the subgroup of H 0 (Φ) is generated by the subgroups F C,J ≤ H 0 (Φ), and continue reading. We decided to include it for completeness, since we believe that Definition 2.2 is more natural. Because of this, and because its proof becomes cleaner after introducing a suitable Polish topology on the group H 0 (Φ), we postpone the proof to the Appendix.
In the reminder of this section we collect some basic properties of the group F C,J that will be used later. Lemma 2.6. For every pair of dyadic charts π C,I , π D,J , the group F C,I , F D,J contains F C∩D,I∩J .
Proof. We will assume C ∩ D = ∅, I ∩ J = ∅, otherwise F C∩D,I∩J is trivial. Observe that for every dyadic intervals I, J ⊂ R, one has F I ≥ F I∩J . Thus the group F C,I contains F C,I∩J as subgroup, and similarly F D,J contains F D,I∩J . Therefore, it suffices to prove that F C∩D,I∩J is contained in the group generated by F C,I∩J and F D,I∩J . To simplify notations, we will assume Proof. By Lemma 2.6, we already know that F C,I , F D,J contains F C∩D,I∩J . Take ε > 0 and take an element h ε ∈ F I such that I ε := h ε (I ∩ J) ⊂ I is ε-close to I in the Hausdorff distance (such an element exists after Lemma 2.3). Then h ε F I∩J h −1 ε = F Iε and hence we get π C,I (id, h ε )F C∩D,I∩J π C,I (id, h ε ) −1 ⊂ F C∩D,Iε . As this holds for any ε > 0, by (2) we have that F C∩D,I is contained in the group F C,I , F D,J . Take now an element g ∈ F C\D,I , defined in the flow direction by a dyadic PL homeomorphism f : I → I. Take the elements g 1 ∈ F C,I , g 2 ∈ F C∩D,I , defined by the same f . Then g = g 1 g −1 2 . As g ∈ F C\D,I was arbitrary, this proves that F C\D,I is a subgroup of F C,I , F D,J .
Proof. We can assume that y = [x, 0] for some point x ∈ X. Let J ⊂ R be a dyadic interval containing y. Consider a sufficiently small clopen neighbourhood C of x such that the projection of C × J to Y is injective, so that there is a well-defined chart π C,J (even though one may have |J| ≥ 1). As the action of F J is minimal on J, the same holds for F C,J acting on
Then the group F J is contained in the group generated by i∈L F J i .
Proof. Let us denote by K the group generated by i∈L F J i . The assumption that the intervals J i cover J implies that the action of K on i∈L J i is minimal and a simple variation of Lemma 2.3 gives that for any dyadic intervals I 1 , I 2 i∈L J i there exists an element h ∈ K such that hF I 1 h −1 = F I 2 . Take as I 1 one of the intervals J i , and let I 2 J be arbitrary, so
Then the group F C,J is contained in the group generated by
Proof. Let us denote by H the subgroup generated by i∈L F C i ,J i , and let us show that H = F C,J . Assume first that J i = J for every i. By compactness we can find a finite cover C 1 , . . . , C r of C. Taking finitely many intersections and symmetric differences and using Lemma 2.7 we can replace it by a refinement D 1 , . . . , D s consisting of pairwise disjoint clopen subsets such that F D i ,J ≤ H for every i. Every element of F C,J is a commuting product of elements in F D i ,J , whence the conclusion. Assume next that the intervals {J i } are arbitrary.
Claim. For any t ∈ J there exists a subinterval I ⊂ J such that t ∈ I and F C,I ≤ H.
Proof of Claim. Using compactness, we can take a finite subfamily
By Lemma 2.9, we deduce that F C,J ≤ H. Lemma 2.11. Let g ∈ T(Φ) be an element whose closed support is contained in a chart U C×I . Then there exists a partition C = C 1 · · · C r of C into clopen subsets such that g can be written as a commuting product g = g 1 · · · g r with g j ∈ F C j ,I for j = 1, . . . , r.
Proof. Fix x ∈ C. The element g must preserve the fiber π C×I ({x} × I) and act on it by an element f x ∈ F I (because its closed support is contained in I). Furthermore, for every y = π C,I (x, t) ∈ U C×I there exists a clopen neighbourhood C y ⊂ C of x and an interval t ∈ J y ⊂ I such that for every x, x ∈ C we have f x | Jy = f x | Jy . By compactness choose y 1 , . . . , y ∈ π C,I ({x} × I) such that J y 1 , . . . , J y cover the support of f x and set C x = i=1 C y i . The clopen set C x ⊂ C verifies f x = f x for every x ∈ C x . Since x was arbitrary, we can cover X with finitely many clopen subsets with this property, and refine this cover to obtain a partition C = C 1 · · · C r which verifies the desired conclusion.
Left-orderability
In the case of topologically transitive systems (X, ϕ), the restriction of the action of H 0 (Φ) to any dense orbit gives a faithful representation of H 0 (Φ) into Homeo + (R). In this section we explain that the same is true even under the weaker standing assumption (Assumption 2.1). Proposition 3.1. If (X, ϕ) has a dense collection of infinite orbits then H 0 (Φ) (and hence T(Φ)) is left-orderable.
Proof. We will prove that density of infinite orbits implies that H 0 (Φ) is residually orderable and hence orderable. Let us detail for sake of clarity. Observe that if (X, ϕ) has a dense collection of infinite orbits, then also (Y, Φ) does. Let {O n } be an ordered sequence of infinite Φ-orbits, whose union is dense in Y . Every O n is homeomorphic to R, and defines a morphism ρ n : H 0 (Φ) → Homeo + (O n ). Observe that density of O n implies that the morphism (ρ n ) : H 0 (Φ) → Homeo + (O n ) is faithful. Choose for every n a left-order ≺ n on ρ n (H 0 (Φ n )) induced by the action on O n . To define a left-order ≺ on H 0 (Φ), it is enough to declare when an element is positive. For this, given a non-trivial element h ∈ H 0 (Φ), let n(h) be the least n such that the action on O n is non-trivial. Declare that h id if ρ n(h) (h) n(h) ρ n(h) (id).
Simplicity
For every group G acting by homeomorphisms on a space Y , and every open subset U ⊂ Y , the rigid stabiliser RiSt(U ) is defined as the subgroup consisting of elements supported in U . Recall the following classical tool, which is the basis of all proofs of simplicity of groups of homeomorphisms [14] . For a proof of this formulation, see [24, Proof of Theorem 1. Let N T(Φ) be a non-trivial normal subgroup, and let us show that we have F C,J ≤ N for every dyadic chart. By Lemma 2.10 it is enough to show that for every y ∈ U C×J there exist a clopen subset D ⊂ C and a dyadic interval I ⊂ J, with y ∈ U D×I ⊂ U C×J such that F D,I ≤ N . By Lemma 4.1 there exists a non-empty open subset W ⊂ Y such that RiSt G (W ) ≤ N , and by minimality (Lemma 2.8), we can find g ∈ T(Φ) such that g(y) ∈ W . We have y ∈ g −1 (W ) and RiSt(g −1 (W )) = g −1 RiSt(W )g ≤ N . Clearly RiSt(g −1 (W )) contains F D,I for some clopen subset D ⊂ C and dyadic interval I ⊂ J, so that y ∈ U D×I ⊂ U C×J . The conclusion follows.
Finite generation
In this section we prove Theorem 1. In this section we assume that X ⊂ A Z is a subshift over a finite alphabet A. Given a word w = w 0 · · · w k ∈ A * and n ∈ Z, we denote by C n,w ⊂ X the cylinder subset consisting of sequences x = (x i ) i∈Z ∈ X such that x n · · · x n+k = w. These are clopen subsets and form a basis for the topology of X. They satisfy the relation ϕ(C n,w ) = C n−1,w . We fix intervals I 0 = (−1/4, 1/2) and I 1 = (1/4, 1 + 1/8). The only relevant properties of these two dyadic intervals will be that |I 0 |, |I 1 | < 1, their intersection is non-empty and their union is a neighbourhood of [0, 1]. Lemma 5.1. Let K be the group generated by F X,I 0 and F X,I 1 . Let C ⊂ X be a clopen set and I, J be a dyadic intervals of length |I|, |J| < 1. Then there exists k ∈ K such that k(U C×J ) = U C×I .
Proof. Observe that F X,I i = F ϕ n (X),I i −n = F X,I i −n for every i = 0, 1, n ∈ Z. Let U ⊂ R be a bounded dyadic interval containing both I, J. Take a finite cover of U with intervals of the form I i − n, i = 0, 1, n ∈ Z. The action of the group H generated by the corresponding F I i −n is minimal on pairs of points of U , therefore we can find an element g ∈ H such that g(J) = I (a variation of Lemma 2.3). Then k defined by (id, g) satisfies k(U C×J ) = U C×I . Lemma 5.2. The group T(Φ) is generated by F C 0,w ,J for all w ∈ A * and J dyadic with |J| < 1.
Proof. Every clopen subset can be written as the disjoint union of finitely many cylinders. It follows that for every dyadic chart π C,J , the group F C,J is contained in the subgroup generated by the groups F Cn,w,J . The statement follows by using relations (1) , that imply that F Cn,w,J = F C 0,w ,J+n . Proposition 5.3. The group T(Φ) is generated by F X,I 0 and by F C 0,w ,I 1 , where w varies among words consisting of a single letter in the alphabet A.
Proof. Let H be the group generated by the subgroups in the statement.
Claim. For every word w ∈ A * and every n ∈ N there exists a dyadic interval J with |J| ≤ 1 such that F Cn,w,J ≤ H.
Proof of Claim. Let w = w 0 · · · w k . We proceed by induction on k. If k = 0 this follows from the assumption that F C 0,w ,I 1 and from the chart relations (1) . Assume that k ≥ 1, and set w = w 0 · · · w k−1 . By induction hypothesis, we can find J such that F C k−1,w J ≤ H. Using Lemma 5.1, we can suppose that J ⊂ (0, 1) ∩ I 1 . Note that C k−1,w ∩ C 0,w k = C k−1,w . Therefore, by Lemma 2.6 we have F C k−1,w ,J ≤ F C k−1,w J , F C 0 ,w k ,I 1 ≤ H. For n = k − 1, the conclusion follows again from the relations (1).
Combining the Claim with Lemma 5.1, we obtain that for every word w, every n ∈ Z and every dyadic interval J with |J| < 1 we have F Cn,w,J ≤ H. Therefore, by Lemma 5.2, we have H = T(Φ).
Since Thompson's group F is finitely generated, Proposition 5.3 implies Theorem 2.
Actions on the circle
In this section we prove Theorem 4. The proof follows the arguments in [18, §4.1.4]. For every group G, we denote by Sub(G) the space of subgroups of G. The Chabauty topology on Sub(G) is the topology induced by the inclusion of Sub(G) into the set {0, 1} G of all subsets of G, endowed with the product topology, and makes Sub(G) a compact space. Given a metrisable space Z, a map Z → Sub(G), z → H z is said to be upper (respectively lower) semi-continuous if for every sequence z n converging to a limit z ∈ Z, every cluster point K of (H zn ) in Sub(G) verifies K ≤ H z (respectively H z ≤ K).
For every continuous action of G on Z and every z ∈ Z we denote by G z the stabiliser of z in G, and by G 0 z the germ-stabiliser, namely the subgroup of G z consisting of points that fix pointwise a neighbourhood of z. It is well-known and not difficult to see that the map z → G z is always upper semi-continuous, while the map z → G 0 z is lower semi-continuous. Lemma 6.1. Let (X, ϕ) be any Cantor system. For every two distinct points y, z ∈ Y , the group T(Φ) is generated by the germ-stabilisers T(Φ) 0 y and T(Φ) 0 z .
Proof. Let H be the subgroup generated by T(Φ) 0 y and T(Φ) 0 z . Let U C×J be a dyadic chart. If y, z do not both belong to U C×J , we have F C,J ≤ H. If they do, we can cover U C×J with charts U C i ×J i as in Lemma 2.10 none of which contains both y, z, and we still deduce that F C,J ≤ F C i ,J i ≤ H. Since U C×J was arbitrary, we deduce that F C,J ≤ H for every (C, J), and therefore H = T(Φ). Lemma 6.2. Let (X, ϕ) be minimal, and fix y ∈ Y . Every finite subset P ⊂ T(Φ) 0 y is contained in a subgroup H ≤ T(Φ) 0 y which is isomorphic to a direct product of finitely many copies of the group F .
Proof. Let P ⊂ T(Φ) 0 y be any finite subset. Choose a dyadic chart U C×J y with J = (a, b) and |J| < 1/2 such that every g ∈ P fixes pointwise a neighbourhood of the closure U C×J . Write ∂U C×J = C a C b , where C a corresponds to C × {a} and C b to C × {b}. By minimality, the Φ-orbit of every point in C b must eventually return to U C×J , and it must enter through a point in C a . For x ∈ C, let τ (x) = inf{t > 0 : Φ b+t ([x, 0]) ∈ C a }. Note that τ (x) is of the form n x − (b − a) for some positive integer n x (equal to the first return time of x to C under ϕ). The function τ : C → N − (b − a) is locally constant (hence continuous and bounded). Let C = C (1) · · · C (r) be the partition of C into level sets of τ , with τ = τ j on C (j) . By construction, the interval I j = (b, b + τ j ) is such that the map π C (j) ,I j is injective, and the charts U C (1) ×I 1 , . . . , U C (r) ×Ir form a partition of Y \ U C×J . Every g ∈ P must preserve every chart U C (j) ×I j and is the commuting product of elements g j supported in U C (j) ×I j . By Lemma 2.11, upon refining the partition C = C (j) we can assume that g j ∈ F C (j) ×I j for all j and all g ∈ P . After doing so, P is contained in the subgroup of T(Φ) 0 y generated by the commuting subgroups F C (j) ×I j F . Proof. Since the group F cannot contain non-abelian free subgroups [9] , Lemma 6.2 implies that neither does the group T(Φ) 0 y . Thus, the Ghys-Margulis alternative [20] implies that every action of the group T(Φ) 0 y on the circle preserves a Borel probability measure µ. Therefore, the rotation number g ∈ T(Φ) 0 y → rot(g) = µ[ϑ, g(ϑ)) (mod Z) defines a group homomorphism to R/Z (whose definition does not depend on the choice of ϑ ∈ S 1 ). By Lemma 6.2, every abelian quotient of T(Φ) 0 y is trivial, hence the only possibility is that the image of rot is {0}. Therefore every g ∈ T(Φ) 0 y fixes a point, and µ must be supported on fixed points of g, for every g ∈ T(Φ) 0 y . Thus there exists a global fixed point (any point in the support of µ).
Proof of Theorem 4. Consider an action of the group T(Φ) on S 1 . If it has a finite orbit, by simplicity of the group T(Φ) we deduce that it has a fixed point. If not, it is semi-conjugate to a minimal action. We can therefore assume that the action on T(Φ) on S 1 is minimal and show that this leads to a contradiction.
Claim. Assume that T(Φ) acts minimally on S 1 . For every ϑ ∈ S 1 there exists a unique point
in this way is equivariant and continuous.
Before proving the claim, let us observe that it leads to the desired contradiction. Indeed the image q(S 1 ) ⊂ Y would be a compact (hence closed) T(Φ)-invariant subset of Y , which by minimality (Lemma 2.8) would be equal to the whole space Y . But the space Y is not path-connected, and therefore cannot be a continuous image of S 1 , reaching a contradiction. We now prove the claim.
Proof of Claim.
Let us first observe that if the point q(ϑ) as in the statement exists, it must be unique. Indeed if y = y ∈ Y are such that T(Φ) 0 y and T(Φ) 0 y fix the point ϑ, then by Lemma 6.1 we deduce that the whole group T(Φ) fixes ϑ, contradicting minimality of the action on S 1 .
Let us now show the existence of the point q(ϑ). To this end fix y 0 ∈ Y , and let ϑ 0 ∈ S 1 be a point fixed by T(Φ) 0 y 0 (which exists by Lemma 6.3), so that T(Φ) 0 y 0 ≤ T(Φ) ϑ 0 . Let ϑ ∈ S 1 be an arbitrary point. By minimality, we can choose a sequence g n ∈ T(Φ) such that g n (ϑ 0 ) tends to ϑ. Upon extracting, we can assume that g n (y 0 ) converges to a limit y ∈ Y , and that the sequences T(Φ) 0 gn(y 0 ) and T(Φ) gn(ϑ 0 ) both converge in Sub(T(Φ)) to a limit denoted respectively by H, K. Since T(Φ) 0 gn(y 0 ) = g n T(Φ) 0 y 0 g −1 n ≤ g n T(Φ) ϑ 0 g −1 n = T(Φ) gn(ϑ 0 ) , we have H ≤ K, and by lower semi-continuity of the germ stabiliser map and upper semi-continuity of the stabiliser map we obtain T(Φ) 0 y ≤ H ≤ K ≤ T(Φ) ϑ . Thus q(ϑ) := y verifies the desired conclusion.
Equivariance of the map q is clear. Let us show that it is continuous. Assume that ϑ n ∈ S 1 is a sequence converging to a limit ϑ ∈ S 1 . Let y ∈ Y be a cluster point of the sequence q(ϑ n ). We have T(Φ) 0 q(ϑn) ≤ T(Φ) ϑn , and using semi-continuity exactly as in the proof of existence of q(ϑ) we obtain that T(Φ) 0 y ≤ T(Φ) ϑ . By uniqueness of q(ϑ) we must have y = q(ϑ). Since y was an arbitrary cluster point of q(ϑ n ), we deduce that q(ϑ n ) converges to q(ϑ), showing continuity of the the map q.
This concludes the proof of the theorem.
Lack of property (T) and of finite presentability
In this section we prove the lack of finite presentability and of property (T) for the group T(Φ). We assume for simplicity that the group (X, ϕ) is a subshift over a finite alphabet. In fact if (X, ϕ) is not conjugate to a subshift one can show that the group T(Φ) is never finitely generated, and therefore cannot be finitely presented and does not have property (T). Our arguments actually hold for any subgroup of the larger group PL(Φ) (Definition 2.2). Lemma 7.1. Let (X, ϕ) be a Cantor system and Z ⊂ X a ϕ-invariant closed subset. Denote by Y Z ⊂ Y the suspension of (Z, ϕ| Z ), which is a closed Φ-invariant subset of Y , and by Φ Z the corresponding flow on Y Z . We let G be either PL(Φ) or T(Φ) and G Z = PL(Φ Z ) or T(Φ Z ) accordingly. The restriction of the action of G to Y Z defines an epimorphism G → G Z whose kernel is non trivial unless Z = X.
Proof. We will assume G = T(Φ) (which is the case of most interest for us), but the proof is identical for G = PL(Φ) (one needs to replace the groups F C,I with groups defined similarly for PL(Φ)).
It is clear that the restriction of the action defines a group homomorphism T(Φ) → T(Φ Z ), and we need to show that it is surjective. Let C ⊂ Z be a clopen subset and J be a dyadic interval of length |J| ≤ 1. Choosing a clopen subset D ⊂ X such that C = D ∩ Z, we see that the group F C,J ≤ T(Φ Z ) is the image of the group F D,J ≤ T(Φ). Therefore the image of T(Φ) in T(Φ Z ) contains a generating set of T(Φ Z ). Finally, taking a clopen subset C ⊂ (X \ Z) and any interval I with |I| ≤ 1, we see that F C,I ≤ T(Φ) acts trivially on Y Z and therefore the kernel of the map T(Φ) → T(Φ Z ) is non-trivial.
Note that this implies that minimality is a necessary condition to simplicity of the group T(Φ). Lemma 7.2. Consider a nested decreasing sequence of ϕ-invariant closed subsets {Z n } and let Z = Z n . We let G Z be either PL(Φ Z ) or T(Φ Z ) and G Zn = PL(Φ Zn ) or T(Φ Zn ) respectively. Then G Z is isomorphic to the direct limit lim − → G Zn with respect to the restriction maps.
Proof. Let G be either PL(Φ) or T(Φ), depending on the choice of G Z . Fix g ∈ G which projects trivially to G Z . This implies that every point y ∈ Y Z is contained in a chart U C×I on which g acts trivially. Thus g acts trivially on a neighbourhood U of Y Z in Y . For m large enough, we have Y Zm ⊂ U , and therefore the projection of g to G Zm is eventually trivial. This means exactly that G Z is the direct limit of the sequence G Zn .
Recall that a subshift X ⊂ A Z over a finite alphabet is called a subshift of finite type if there exists a finite set L of finite words in the alphabet A such that X consists exactly of all sequences whose subwords belong to L. For every subshift (X, ϕ) , there exists a sequence of subshifts of finite type (X n , ϕ n ) such that the group PL(Φ) is a direct limit of the groups PL(Φ n ) (where Φ n is the suspension of (X n , ϕ n )). In particular if (X, ϕ) is not a subshift of finite type, the group T(Φ) is not finitely presented.
Proof. Let L n be the set of finite subwords of length n that appear in some sequence in X, and let X n be the corresponding subshift of finite type. We have X ⊂ X n and n X n = X. From Lemma 7.2 it follows that PL(Φ) is isomorphic to the direct limit lim − → PL(Φ n ) with respect to the restriction maps ρ n : PL(Φ n ) → PL(Φ). Let H ≤ PL(Φ) be any subgroup, and H n := ρ −1 n (H) ≤ PL(Φ n ). Then H is isomorphic to the direct limit lim − → H n . This applies in particular to H = T(Φ). If X is not itself a subshift of finite type, the direct limit lim − → T(Φ n ) is strict (Lemma 7.1) and thus T(Φ) cannot be finitely presented.
Corollary 7.4. If (X, ϕ) is an infinite minimal subshift, the group T(Φ) is not finitely presented.
Proof. A subshift of finite type has periodic orbits, thus it is not minimal (unless it consists of a single periodic orbit). We argue by way of contradiction. The subshift of finite type (X, ϕ) has a dense collection of periodic orbits, hence the suspension (Y, Φ) has a dense collection of closed Φ-orbits. The restriction of the action of H to a closed orbit C gives rise to a homomorphism ρ C : H → PL(S 1 ) to the group of PL homeomorphisms of the circle. By [19, Thm. 4.5] , the image ρ C (H) must be cyclic finite. Density of closed orbits implies that for every non-trivial h ∈ H there exists a closed orbit C such that ρ C (h) = id. Thus H is residually cyclic finite and hence abelian. As H has property (T ), we obtain that H must be finite. However PL(Φ) is left-orderable (Proposition 3.1) and hence torsion-free: a dense Φ-orbit O ⊂ Y gives, by restriction, a faithful representation PL(Φ) → Homeo + (O) ∼ = Homeo + (R). This implies that H must be trivial.
Isomorphisms correspond to flow equivalences
Theorem 8 follows by combining two results. The first is the following result of Ben Ami and Rubin [3] . We say that a group G of homeomorphisms of a space Y is factorisable if for every open cover {U i } i∈F of Y , the group G is generated by the rigid stabilisers RiSt(U i ) (this terminology is recalled in §4).
Theorem 8.1 ([3] ). For i = 1, 2, let G i be a factorisable group of homeomorphisms of a locally compact Hausdorff space Y i whose action on Y i has no global fixed points. Then for every group isomorphism ρ : G 1 → G 2 there exists a homeomorphism q :
The second is the characterisation of flow equivalence of Cantor systems of Parry and Sullivan [25] . Given a Cantor system (X, ϕ), a clopen transversal is a clopen subset C ⊂ X which intersects all ϕ-orbits. It follows that for every point x ∈ X the first return time T C (x) = min{n ≥ 1 : ϕ(n) ∈ C} is finite and locally constant as a function of x, and that the corresponding first return map ϕ C : C → C, x → ϕ T C (x) (x) is a homeomorphism. By [25] , two Cantor systems (X i , ϕ i ), i = 1, 2, are flow equivalent if and only if they admit clopen transversals C i ⊂ X i whose first return maps are topologically conjugate (see [6] for a more recent and detailed exposition).
Proof of Theorem 8. For i = 1, 2, let (X i , ϕ i ) be a topologically transitive Cantor system with suspension Y i and suspension flow Φ i . Assume that the groups T(Φ i ) are isomorphic. As a consequence of Lemma 2.10 the groups T(Φ i ) are factorisable. Thus by Theorem 8.1 there exists a homeomorphism q : Y 1 → Y 2 which conjugates the actions. By topological transitivity such a homeomorphism must simultaneously preserve or reverse the orientations of all orbits, as this is uniquely determined by whether it does so on any dense orbit of Y 1 . Thus (X 1 , ϕ 1 ) is flow equivalent to (X 2 , ϕ 2 ) or to (X 2 , ϕ −1 2 ). Conversely assume that (X 1 , ϕ 1 ) is flow equivalent to (X 2 , ϕ 2 ) and let us show that T(Φ 1 ) and T(Φ 2 ) are isomorphic (note that it is enough to consider this case, since T(Φ 2 ) = T(Φ −1 2 )). To this end we need to check that a homeomorphism q : Y 1 → Y 2 realising the flow equivalence can be chosen so that it conjugates T(Φ 1 ) to T(Φ 2 ). By Parry and Sullivan [25] , the two systems admit clopen transversals whose return maps are topologically conjugate, and we can identify these two clopen transversals with a same set C ⊂ X 1 and C ⊂ X 2 with common return map equal to ψ : C → C; let T (i) : C → N be the first return time with respect to ϕ i . Choose a partition C = r j=1 C j into clopen subsets, such that in restriction to every C j , the functions T (1) and T (2) are both constant and equal to integers n j , m j respectively. We can write Y 1 , Y 2 as the union of the closures of charts Y 1 = r j=1 U
C j ×(0,n j ) and Y 2 = r j=1 U
C j ×(0,m j ) . For every j, the choice of a homeomorphism f j : [0, n j ] → [0, m j ] induces a homeomorphism q j : U (1) C j ×(0,n j ) → U (2) C j ×(0,m j ) , and by construction the homeomorphisms q j are compatible on the boundary and give rise to a homeomorphism q : Y 1 → Y 2 . If we chose the f j to be PL dyadic, the resulting homeomorphism q will conjugate T(Φ 1 ) to T(Φ 2 ).
Appendix A. Polish topology on H 0 (Φ)
In this appendix we endow the group H 0 (Φ) with a natural Polish topology, and observe that the subgroup T(Φ) is dense in it with respect to this topology. This is analogous to the fact that Thompson's group T is dense in Homeo + (S 1 ) for the C 0 topology [4, Cor. A5.8]. As application, we prove Proposition 2.4.
Recall that a Polish group is a topological group whose topology is metrisable and separable, and admits a compatible distance which makes it a complete metric space. For any closed interval I ⊂ R, the group Homeo(I) is a Polish group with respect to the distance δ(g, h) = sup x∈I |f (x) − g(x)| + sup x∈I |f −1 (x) − g −1 (x)|. The topology on H 0 (Φ) is a natural generalization of this.
Let g ∈ H 0 (Φ). Since g preserves every leaf and is isotopic to the identity, it follows from [6, Thm. 3.1] that there exists a continuous function τ g : Y → R such that for every y ∈ Y we have g(y) = Φ τg(y) (y). Moreover it is proven there that the family of maps g s (x) = Φ sτg(y) (y) for s ∈ [0, 1] defines an isotopy of g to the identity. Note that τ g (x) is uniquely determined by g provided x belongs to a non-closed orbit. Since we are assuming that the set of such points is dense (Assumption 2.1), the function τ g is uniquely defined everywhere by continuity. Finally we note that it satisfies the cocycle relation (3) τ gh (y) = τ g (h(y)) + τ h (y).
The function
defines a distance on H 0 (Φ). Note that the topology induced by this distance is in general finer than the compact open topology defined by the action on Y .
Proposition A.1. The distance d is complete and defines a group topology on H 0 (Φ).
Proof. Let g n be a Cauchy sequence. It follows that the functions τ gn and τ g −1 n converge uniformly to continuous functions τ 1 , τ 2 : Y → R, and we can define continuous maps h 1 , h 2 : Y → Y by h i (y) = Φ τ i (y) (y). Passing to the limit in the equality y = g n g −1 n (y) = Φ τg n Φ τ g −1 n (y) (y) we see that h 1 h 2 (y) = y, and similarly h 2 h 1 (y) = y. Thus h 1 , h 2 are one the inverse to the other, and g n tends to h 1 .
Let us now check that d defines a group topology. It is clear that the map g → g −1 is continuous. Let g n , h n be sequences converging to g, h respectively, and let us check that g n h n tends to gh. Using (3) and the triangle inequality, for every y ∈ Y we have |τ gnhn (y) − τ gh (y)| ≤ |τ gn (h n (y)) − τ g (h n (y))| + |τ g (h n (y)) − τ g (h(y))| + |τ hn (y) − τ h (y)|.
The first and third summand tend to zero because τ gn → τ g , τ hn → τ h uniformly. The second tends to zero uniformly by uniform continuity of τ g , since h n (y) = Φ τ hn(y) (y) tends to h(y) uniformly. Thus sup y |τ gnhn (y) − τ gh (y)| tends to zero. Similarly sup y |τ (gnhn) −1 (y) − τ (gh) −1 (y)| tends to zero, showing that d(g n h n , gh) → 0.
Proposition A.2. The group T(Φ) is a dense subgroup of H 0 (Φ). In particular if X is metrisable, the group H 0 (Φ) is Polish.
The proof proceeds by reducing to the classical remark that Thompson's group F is dense in Homeo([0, 1]) [4, Cor. A5.8].
Proof. We first explain why T(Φ) is indeed a subgroup of H 0 (Φ) (from Definition 2.2, it may not be immediately clear that every element g ∈ T(Φ) is isotopic to the identity). After [6, Thm. 3.1], it is enough to show that for every g ∈ T(Φ) there exists a continuous function τ g : Y → R such that g(y) = Φ τg(y) (y). Let U C×I be a chart around y, with π −1 C,I (y) = (x, t) and let f : I → f (I) be a dyadic PL homeomorphism as in Definition 2.2. The function τ g (y) = f (t) − t then satisfies the desired conclusion. Observe that this function does not depend on the choice of the chart provided y belongs to a non-closed orbit, and that it is continuous in every chart, therefore it is well-defined and continuous everywhere.
Let us now show that every g ∈ H 0 (Φ) is in the closure of T(Φ). Assume first that g is supported in a chart U C×I . Fix ε > 0. For every x ∈ C the element g fixes the fiber π C,I ({x} × I}) and acts on it by a homeomorphism f x ∈ Homeo(I) which varies continuously with respect to x. Thus we can find a clopen partition C = r i=1 C i such that whenever x, y ∈ C i we have that δ(f x , f y ) < ε/2, where δ is the distance in Homeo(I). For i = 1, . . . , r, choose x i ∈ C i and an element h i ∈ F I such that δ(h i , f x i ) < ε/2. If we identify h i with the corresponding element of F C i ,I and set h = h 1 · · · h r ∈ T(Φ), we have d(g, h) < ε. Since ε is arbitrary, we deduce that g is in the closure of T(Φ).
Next, assume that d(g, 1) < 1/8. We consider the charts U X×(−1/4,1/4) ⊂ U X×(−1/2,1/2) . Then g(U X×(−1/4,1/4) ) ⊂ U X×(−1/2,1/2) . Find g 1 ∈ H 0 (Φ) supported in U X×(−1/2,1/2) which coincides with g in restriction to U X×(−1/4,1/4) . Then g 2 := gg −1 1 is supported in U X×(1/4,3/4) and therefore g = g 2 g 1 is in the closure of T(Φ) by the previous case.
Finally since H 0 (Φ) is connected, it is generated by any neighbourhood of the identity. Therefore every element g ∈ H 0 (Φ) is in the closure of T(Φ), that is, T(Φ) is dense.
If X is metrisable, it has only countably many clopen subsets. Moreover there are countably many dyadic intervals in R, and countably many dyadic PL homeomorphisms between them. It follows from Definition 2.2 (using compactness) that in this case the group T(Φ) is countable, and therefore H 0 (Φ) is separable.
We now prove Proposition 2.4.
Proof of Proposition 2.4. Let K ≤ T(Φ) be the subgroup generated by the groups F C,J . Fix g ∈ T(Φ) and let us show that g ∈ K. Assume first that d(g, 1) < 1/4. Let X 0 ⊂ Y be the projection of X × {0} and cover it by disjoint charts U C 1 ×I 1 , . . . , U Cr×Ir with 0 ∈ I i so that in restriction to each of them, g is given by a dyadic PL homeomorphism f i : I i → f i (I i ). Since −1/4 < f i (0) < 1/4 We can choose the I i 's small enough so that each closure I i ∪ f i (I i ) is contained in (−1/4, 1/4). Choose k i ∈ F (−1/4,1/4) that extends f i | I i . Let h i ∈ F C i ,J i correspond to k i , and h = h 1 · · · h r . Replace g by h −1 g. After doing this, we obtain, that g fixes pointwise a chart of the form U X×I for some I 0. Equivalently, g is supported in a chart of the form U X×J for some J ⊂ (0, 1). Now the conclusion follows from Lemma 2.11.
Assume now that g is arbitrary. Since H 0 (Φ) is connected and hence generated by any neighbourhood of the identity, we can write g = g 1 · · · g r for some g i ∈ H 0 (Φ) with d(g i , 1) < 1/4. By density of T(Φ) we can choose h i ∈ T(Φ) close enough to g i so that d(h i , 1) < 1/4 and the element h = h 1 · · · h r satisfies d(gh −1 , 1) < 1/4. It follows from the previous case that h, gh −1 ∈ K and thus g ∈ K.
